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Unsteady mhd flow and heat transfer on a rotating disk in an ambient fluid
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Abstract

An unsteady flow and heat transfer of a viscous incompressible electrically conducting fluid over a rotating infinite disk in an otherwise
ambient fluid are studied. The unsteadiness in the flow field is caused by the angular velocity of the disk which varies with time. The magnetic
field is applied normal to the disk surface. The new self-similar solution of the Navier–Stokes and energy equations is obtained numerically.
The solution obtained here is not only the solution of the Navier–Stokes equations, but also of the boundary layer equations. Also, for a
simple scaling factor, it represents the solution of the flow and heat transfer in the forward stagnation-point region of a rotating sphere or over
a rotating cone. The asymptotic behaviour of the solution for a large magnetic field or for a large independent variable is also examined. The
surface shear stresses in the radial and tangential directions and the surface heat transfer increase as the acceleration parameter increases.
Also the surface shear stress in the radial direction and the surface heat transfer decrease with increasing magnetic field, but the surface shear
stress in the tangential direction increases. 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The study of the rotation of electrically conducting
fluids is important in several astrophysical and geophysical
situations such as the study of the terrestial magnetic field,
the dynamics of rotating stars, etc. [1]. Also the study is
interesting from the mathematical point of view. The system
of partial differential equations with initial and boundary
conditions which describe the motion can be converted into
a system of ordinary differential equations with boundary
conditions, if we assume a particular dependence of the
coordinates for the velocity field.

Von Karman [2] was the first scientist to study the steady
incompressible viscous flow over a rotating infinite disk
in an ambient fluid. The analogous heat transfer problem
was studied by Millsaps and Pohlhausen [3], Sparrow and
Gregg [4] and Wang [5]. Sparrow and Cess [6] and Lof-
fredo [7] have considered the effect of the magnetic field
on the rotating disk problem. In the above studies a self-
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similar solution of the Navier–Stokes equations along with
the energy equation was obtained. Recently, the self-similar
solution of the Navier–Stokes equations governing the un-
steady two-dimensional stagnation point flow was obtained
by Ma and Hui [8] using a group-theoretic method [9].
The unsteadiness in the flow field was caused by the time-
dependent velocity in the potential flow given byue =Ax/t ,
A> 0, t > 0.

In this analysis, we have considered the unsteady flow
and heat transfer of a viscous electrically conducting fluid
over an infinite disk which is rotating along its axis in
an ambient fluid. The unsteadiness is caused by the time-
dependent angular velocity of the disk (Ω = A/t , A > 0,
t > 0). The flow is assumed to be axisymmetric. A magnetic
field is applied in the axial direction normal to the disk. A set
of transformations is found which reduces the Navier–Stokes
and the energy equations with three independent variables to
a system of ordinary differential equations. These ordinary
differential equations are solved numerically using a double
shooting method [10]. The results are compared with those
of Sparrow and Cess [6].

1290-0729/02/$ – see front matter 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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Nomenclature

Roman symbols

A a positive dimensionless parameter
C constant
Cf skin friction coefficient in the radial direction
Cf skin friction coefficient in the axial direction
CM dimensionless moment coefficient
f,g,h similarity variables defined in (9a)
F,G,H similarity variables defined in (22)
Ha Hartman number
L characteristic length . . . . . . . . . . . . . . . . . . . . . . m
M magnetic parameter
Nu Nusselt number
p pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . N·m−2

P dimensionless pressure defined in (9a)
P1 similarity variable defined in (22)
Pr Prandtl number
Q1 quantity of fluid pumped outward defined

in (35a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m3

Q1 quantity of fluid pumped outward defined
in (35b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m3

r radial coordinate
R radius at a large distance
Re Reynolds number
Rem magnetic Reynolds number
Rer Reynolds number based onr
ReR Reynolds number based onR
S similarity variable defined in (22)

t time
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
T torque defined in (34)
u,v,w component velocities. . . . . . . . . . . . . . . . . . m·s−1

z axial coordinate

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

β coefficient of cubical expansion . . . . . . . . . . K−1

η similarity variable
θ dimensionless temperature
µ dynamic viscosity . . . . . . . . . . . . . . . kg·s−1·m−1

ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

ξ similarity variable defined in (22)
τ shear stress . . . . . . . . . . . . . . . . . . . . . . . . . . N·m−2

Ω time-dependant angular velocity . . . . . . rad·s−1

Ω0 initial angular velocity . . . . . . . . . . . . . . . rad·s−1

Subscripts

0 denotes the parameters used in (21)
1 denotes the parameter used in the asymptotic

analysis
i denotes the initial conditions
r values of the parameters based on the radiusr

R values of the parameters based on the radiusR

w denotes the conditions at the wall
∞ denotes the conditions at infinity

2. Problem formulation

Let us consider the unsteady motion of a viscous, in-
compressible electrically conducting fluid over an infinite
disk which is rotating with an angular velocity inversely
proportional to time (Ω = A/t ; A > 0, t > 0) in an oth-
erwise ambient fluid. Fig. 1 shows the flow model and the

Fig. 1. Physical model and coordinate system.

cylindrical polar coordinate system,r, φ and z. The flow
is assumed to be axisymmetric. Hence the velocity compo-
nentsu, v, w and the temperatureT are independent ofφ.
A uniform magnetic field of strengthB is applied in thez-
direction. It is assumed that the magnetic Reynolds number
Rem = µ0σVL � 1, whereµ0 is the magnetic permeability,
σ is the electrical conductivity andV andL are, respectively,
the characteristic velocity and length. Under this condition
it is possible to neglect the induced magnetic field in com-
parison to the applied magnetic field. The wall temperature
Tw and the ambient temperatureT∞ are assumed to be con-
stant. The effects of viscous dissipation and Ohmic heating
are neglected. Under the above-mentioned assumptions, the
Navier–Stokes equations and the energy equation governing
the unsteady MHD viscous axisymmetric flow over a rotat-
ing infinite insulated disk are are given by [6,11],

∂

∂r
(ru)+ ∂

∂z
(rw)= 0 (1)

∂u

∂t
+ u

∂u

∂r
+w

∂u

∂z
− ν2

r

= −ρ−1∂p

∂r
− σB2u

ρ
+ ν

(
∇2u− u

r2

)
(2)
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∂v

∂t
+ u

∂v

∂r
+w

∂v

∂z
+ uv

r
= −σB

2v

ρ
+ ν

(
∇2v − v

r2

)
(3)

∂w

∂t
+ u

∂w

∂r
+w

∂w

∂z
= −ρ−1∂p

∂z
+ ν∇2w (4)

∂T

∂t
+ u

∂T

∂r
+w

∂T

∂z
= α∇2T (5)

where

∇2 = ∂2/∂r2 + r−1∂/∂r + ∂2/∂z2 (6)

The initial conditions are given by

u(r, z,0)= ui(r, z)

v(r, z,0)= vi(r, z)

w(r, z,0)=wi(r, z)

T (r, z,0)= Ti(r, z)

p(r, z,0)= pi(r, z)

(7)

The boundary conditions are given by

u(r,0, t)= 0
v(r,0, t)=Ωr

w(r,0, t)= p(r,0, t)= 0
T (r,0, t)= Tw
u(r,∞, t)= v(r,∞, t)= 0
T (r,∞, t)= T∞

(8)

Hereu, v, w are the velocity components along ther,
φ, z directions, respectively,t is the time,p andT are the
static pressure and temperature, respectively,ρ and ν are
the density and kinematic viscosity, respectively,α is the
thermal diffusivity,B is the magnetic field applied in the
axial (z) direction, the subscripti denotes initial conditions
and the subscripts w and∞ denote conditions at the wall
and in the ambient fluid, respectively.

The partial differential equations (1)–(6) under the initial
and boundary conditions (7) and (8) admit a self-similar
solution if we apply the transformations given by;

η= z(νt)−1/2, Ω =A/t, A > 0, t > 0
u= (Ar/t)f (η)

v = (Ar/t)g(η)

w =A(ν/t)1/2h(η)

θ(η)= (T − Tw)/(Tw − T∞)
Pr = ν/α

p = µ(A/t)P (η)

M = Ha2/Rer
Ha2 = σB2r2/µ

Rer =Ωr2/ν

(9a)

to Eqs. (1)–(5). It is found that Eq. (1) yields the relation

2f + h′ = 0 (9b)

and Eqs. (2)–(5) after using (9a) reduce to

h′′′ −A
(
hh′′ − 2−1h′2 + 2g2 +Mh′)

+ (
h′ + 2−1ηh′′) = 0 (10)

g′′ −A
(
hg′ − h′g +Mg

) + (
g + 2−1ηg′) = 0 (11)

Pr−1θ ′′ −Ahθ ′ + 2−1ηθ ′ = 0 (12)

P ′ = h′′ −Ahh′ + h+ 2−1ηh′ (13)

The boundary conditions (8) can be expressed as;

h= h′ = 0, g = θ = 1, P = 0 atη= 0

h′ → 0, g→ 0, θ → 0, asη→ ∞ (14)

After Eqs. (10) and (11) have been solved, pressureP from
(13) can be obtained by using the condition onP from (14)
and it is given by

P = h′ − 2−1Ah2 + 2−1ηh+ 2−1

η∫
0

hdη (15)

Here η is the transformed variable,h, h′ and g are,
respectively, the dimensionless axial, radial and tangential
velocity components,θ is the dimensionless temperature,P

is the dimensionless pressure,M is the magnetic parameter,
Ha is the Hartmann number,Rer is the Reynolds number
with respect to the radiusr, Pr is the Prandtl number,µ is the
coefficient of viscosity, and a prime denotes derivative with
respect toη. A is a positive dimensionless constant which
measures the reduction or an increase in the angular velocity
asA decreases or increases.

Eqs. (10)–(13) represent the self-similar equations of
the unsteady Navier–Stokes equations or boundary layer
equations along with the energy equation. However, for
boundary layer equations, the equation for pressure (13) or
(15) is not required as it is assumed to be constant across
the boundary layer. The steady state equations are obtained
from (10)–(13) by omitting the terms due to unsteadiness
and these are expressed as

h′′′ −A
(
hh′′ − 2−1h′2 + 2g2 +Mh′) = 0 (16)

g′′ −A
(
hg′ − h′g+Mg

) = 0 (17)

Pr−1θ ′′ −Ahθ ′ = 0 (18)

P ′ = h′′ −Ahh′ (19)

The boundary conditions for the above equations are given
by (14). Eq. (19) after integration and using the condition on
P can be written as

P = h′ − 2−1Ah2 (20)

Eqs. (16)–(20) forA = 1 are identical to those of Sparrow
and Cess [6].

It may be remarked that Eqs. (10)–(13) under the bound-
ary conditions (14) and the corresponding steady-state equa-
tions also represent the flow over a rotating sphere at the
forward stagnation point or over a rotating cone by a simple
change in the scaling factor.

For a sphere rotating in an ambient fluid, we use the
transformations;

η= 2−1/2η0

h(η)= −21/2h0(η0)

g(η)= g0(η0)

θ(η)= θ0(η0)

P (η)= P0(η0)

(21)
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For a cone rotating in an ambient fluid, the transforma-
tions (21) hold good except thath(η)= −2h0(η0).

It is also possible to obtain a self-similar solution of
Eqs. (1)–(5) for a slightly different variation of the angular
velocityΩ with time, i.e.,Ω =Ω0(1−λt∗)−1, t∗ =Ω0t . In
this case, we apply the following transformations,

ξ = (Ω0/ν)
1/2

(
1− λt∗

)−1/2
z, t∗ =Ω0t, λt

∗ < 1

u=Ω0r
(
1− λt∗

)−1
F(ξ)

v =Ω0r
(
1− λt∗

)−1
G(ξ)

w = (Ω0/ν)
1/2

(
1− λt∗

)−1/2
H(ξ)

p = µΩ0
(
1− λt∗

)−1
P1(ξ)

S(ξ)= (T − T∞)/(Tw − T∞)
M = Ha2/Rer
Ha2 = σB2r2/µ

Rer =Ωr2/ν

(22)

to Eqs. (1)–(5) and we find that Eq. (1) gives the relation
betweenF andH ′ in the form

2F +H ′ = 0 (23)

and Eqs. (2)–(5) after using (23) reduce to the following,

d3H

dξ3 −H
d2H

dξ2 + 2−1
(

dH

dξ

)2

− 2G2

−M
dH

dξ
− λ

(
dH

dξ
+ 2−1ξ

d2H

dξ2

)
= 0 (24)

d2G

dξ2
−H

dG

dξ
+ dH

dξ
G−MG− λ

(
G+ 2−1ξ

dG

dξ

)
= 0

(25)

Pr−1 d2S

dξ2
−H

dS

dξ
− 2−1λξ

dS

dξ
= 0 (26)

dP1

dξ
= d2H

dξ2 −H
dH

dξ
− 2−1λ

(
H + ξ

dH

dξ

)
(27)

The boundary conditions are given by

H = dH/dξ = P1 = 0, G= S = 1 atξ = 0

dH/dξ → 0, G→ 0, S → 0 asξ → ∞ (28)

The system of Eqs. (24)–(28) represents the unsteady
flow and the corresponding steady flow equations are ob-
tained by puttingλ = 0 in these equations. Also Eqs. (10)–
(13) can be transformed to Eqs. (25)–(27) by using the fol-
lowing transformations,

η=A−1/2ξ

h(η)=A−1/2H(ξ)

g(η)=G(ξ)

θ(η)= S(ξ)

P (η)= P1(ξ)

A= −(λ)−1, λ < 0

(29)

The skin friction coefficients in the radial and tangential
directionsCf andCf (i.e., in ther andz directions) can be
written as

Cf = −2µ(∂u/∂z)z=0/ρr
2Ω2

= −2Re−1/2
r A−1/2h′′(0) (30)

Cf = −2µ(∂v/∂z)z=0/ρr
2Ω2

= −2Re−1/2
r A−1/2g′(0) (31)

The heat transfer coefficient in terms of the Nusselt
numberNu can be expressed as

Nu = −r(∂T /∂z)z=0/(Tw − T∞)= −A−1/2 Re1/2
r θ ′(0)

(32)

It may be remarked that the results here are strictly valid
for an infinite disk only. However, it is possible to utilize the
same results for a finite disk provided its radiusR is large
compared with the thicknessδ of the layer carried with the
disk. The dimensionless moment coefficientCM for a disk
of large but finite radiusR is expressed as,

CM = 4T /
(
ρΩ2R5) = −2π Re−1/2

R A−1/2g′(0) (33)

where

T = −2π

R∫
0

µ(∂v/∂z)z=0r
2 dr

ReR =ΩR2/ν

(34)

The quantity of fluidQ1 which is pumped outwards due
to the centrifugal force on one side of the disk of radiusR is
given by,

Q1 = 2πR

∞∫
0

udz= −πΩR3 Re−1/2
R h(∞) (35a)

In dimensionless form it can be written as

Q1 =Q1/
(
ΩR3) = −2π Re−1/2

R h(∞) (35b)

HereT is the torque,ReR is the Reynolds number with
respect to the radiusR, h(∞) is the dimensionless ambient
velocity andQ1 is the amount of fluid being pumped
outwards.

3. Asymptotic solution for large η

Here we consider the asymptotic behaviour of the solu-
tion of Eqs. (10)–(12) under the conditions (14) for large
values of the independent variableη. As η → ∞, h′ → 0,
g → 0, θ → 0. Henceh → −C, (C > 0) asη → ∞. The
justification for takingh < 0 is that the numerical solution
of (10) and (11) shows thath < 0 for all η. Therefore, we set
for largeη

h(η)= −C + h1(η)

g(η)= g1(η)

θ(η)= θ1(η)

(36)

whereh1 andg1 andθ1 are small and hence their squares
and products can be neglected. Using (36) in Eqs. (10)–(12),
we can obtain,
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h′′′
1 + (

2−1η+AC
)
h′′

1 − (AM − 1)h′
1 = 0 (37a)

g′′
1 + (

2−1η+AC
)
g′

1 − (AM − 1)g1 = 0 (37b)

θ ′′
1 + Pr

(
2−1η+AC

)
θ ′

1 = 0 (37c)

By changing the independent variable fromη toη1, where

η1 = 21/2(2−1η+AC
)

(38)

Eqs. (37a)–(37b) can be re-written as

d3h1

dη3
1

+ η1
d2h1

dη2
1

− 2(AM − 1)
dh1

dη1
= 0 (39a)

d2g1

dη2
1

+ η1
dg1

dη1
− 2(AM − 1)g1 = 0 (39b)

d2θ1

dη2
1

+ Prη1
dθ1

dη1
= 0 (39c)

with the boundary conditions

dh1

dη1
→ 0, g1 → 0, θ1 → 0, asη1 → ∞ (40)

The solutions of (39a)–(39b) under the boundary conditions
(40) can be expressed as [12];

21/2dh

dη
= g = dh1

dη1
= g1 = b1 exp

(−η2
1/2

)
(η1)

−(2AM−1)

× [
1+ 0

(
η−2

1

)]
(41a)

θ = θ1 = −b2(Prη1)
−1 exp

(−Prη2
1/2

)
× [

1− (
Prη2

1

)−1 + O
(
η−4

1

)]
(41b)

WhenAM = 1, the solutions of Eqs. (39a) and (39b) under
the conditions (40) are given by,

21/2dh

dη
= g = dh1

dη1
= g1 = −b3(η1)

−1 exp
(−η2

1/2
)

× [
1− η−2

1 + O
(
η−4

1

)]
(42)

where b1, b2 and b3 are arbitrary constants. The above
equations show that forAM > 0.5, dh/dη, g andθ decay
exponentially asη1 → ∞.

4. Approximate solutions for large M

It is possible to obtain an approximate closed form
solutions of Eqs. (10)–(12) under conditions (14) for large
values of the magnetic parameterM (M > 3). The numerical
results show that bothh andh′ (i.e., axial and radial velocity
components) become vary small for largeM.

Using this, Eq. (11) is reduced to

g′′ + 2−1ηg′ − (AM − 1)g = 0 (43)

The solution of Eq. (43) under the boundary conditions (14)
can be expressed in the form [12]

g = exp
(−3η2/16

)[
1F1

(
4AM − 1

8
,

1

2
,
η2

8

)

+
(
b5

b4

)
η1F1

(
4AM + 3

8
,

3

2
,
η2

8

)]
(44)

Hence

g′(0)= b5/b4 (45)

where

b4 = Γ (1/3)/Γ (3+ 4AM)/8

b5 = 2−1/2Γ (−1/3)/Γ (4AM − 1)/8

1F1(a, c, x)=
∞∑
j=0

Cjx
j

Cj = a(a+ 1) · · · (a + j − 1)

c(c+ 1) · · · (c+ j − 1)

1

ji

1F1(1+ a − c,2− c, x)=
∞∑
j=0

Djx
j

Dj = (1+ a − c)(2+ a − c) · · · (1+ a − c+ j − 1)

(2− c)(3− c) · · · (2− c+ j − 1)

1

ji

a = (4AM − 1)/8, c= 1/2, x = η2/8 (46)

Here1F1 (a, c, x) is the confluent hypergeometric series
andΓ denotes the gamma function.

For large values of the magnetic parameterM, the
thermal boundary layer is much thicker than the velocity
boundary layer. Under this condition, we can write

h(η)≈ h(∞)= constant, h(∞) < 0 (47)

Using relations (47) in (12), we obtain,

θ ′′ + Pr
[
2−1η+A

(−h(∞)
)]
θ ′ = 0 (48)

The solution of Eq. (48) under the boundary conditions
(14) can be expressed as

θ = 1−
[ η∫

0

Q(x)dx
/ ∞∫

0

Q(x)dx

]
(49)

where

Q(x)= exp
[−Pr

(
x2/4+A

(−h(∞)
)
x
)]

(50)

Under the condition thath andh′ are very small for large
M, Eq. (11) reduces to

h′′′ + 2−1ηh′′ − (AM − 1)h′ = 2Ag2 (51)

Eq. (51) is a linear non-homogenous equation and its
solution under conditions (14) can be expressed in the
form [12]

h′ = −2Aexp
(−3η2/16

)
×

[
1
F1

(
4AM − 1

8
,

1

2
,
η2

8

)



152 H.S. Takhar et al. / Int. J. Therm. Sci. 41 (2002) 147–155

+
(
b5

b4

)
η1F1

(
4AM + 3

8
,

3

2
,
η2

8

)]
+ 2Aexp

(−2η2/8
)

×
[
1+ 2

(
b5

b4

)
η+

(
4AM + 3

8

)
η2

+
(

4AM + 7

12

)(
b5

b4

)
η3

+ 1

12

(
4AM − 1

16
+ (4AM + 3)(4AM + 7)

32

+
(
b5

b4

)2)
η4

]
(52)

Hence

h′′(0)= 2Ab5/b4 (53)

For AM = 1, the solution of Eq. (43) under the condi-
tions (14) reduces to a simple form

g = erfc(η/2), g′(0)= −1/(π)1/2 (54)

The results of this approximate closed-form method for
M � 3, 0.5 � A � 2 are in good agreement with those
obtained by using the numerical method. ForM = 3,A= 1,
−h′′(0) and−g′(0) differ by about 2% and−θ ′(0) by about
4% (whenPr = 0.7). For largerM or for smallerPr (in the
case of heat transfer), this difference decreases.

5. Results and discussion

Eqs. (10)–(12) under the boundary conditions (14) have
been solved numerically using a double shooting method

Fig. 2. Velocity profiles in the radial direction,−h′(η), for A = 1,
0�M � 4.

which is described in detail in [10]. The results are obtained
for various values of the parametersM andA.

In order to assess the accuracy of our method, we have
compared our steady-state results obtained from Eqs. (16)–
(18) under the boundary conditions (14) forA= Pr = 1 with
those of Sparrow and Cess [6]. The results are found to be
in excellent agreement. The maximum difference is less than
0.2%. Since the results are given by Sparrow and Cess [6] in
Tables 1 and 2, these are not presented here.

The effect of the magnetic parameterM on the velocity
profiles in the radial, tangential and axial directions−h′(η),
g(η), −h(η) and on the temperature profilesg(η) for A= 1,
Pr = 0.7 is shown in Figs. 2–5. The rotating disk acts like
a fan drawing fluid axially inwards from the surroundings
toward the disk surface. Since the disk is nonporous the

Fig. 3. Velocity profiles in the tangential direction,g(η), for A = 1,
0�M � 4.

Fig. 4. Velocity profiles in the axial direction,−h(η), forA= 1, 0�M � 4.
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Fig. 5. Temperature profiles,θ(η), for A= 1, Pr = 0.7, 0�M � 4.

Fig. 6. Velocity profiles in the radial direction,−h′(η), for M = 1,
0.1 �A� 1.

inflowing fluid is turned away and discharges in the radial
direction. Hence there is a close correlation between the
axial inflow and the radial outflow. Here the magnetic field
is applied in the axial direction. Hence there is no magnetic
force to retard the axial velocityh(η), but there is a radial
component of the magnetic force which opposes the radial
velocity h′(η). Hence the reduction in the radial velocity
is reflected as a reduction in the incoming axial velocity.
Since there is less fluid flow, the turning from axial to
radial velocity occurs near the surface of the disk. Hence
the axial velocityh(η) is constant near the disk surface
as the magnetic parameterM increases. Hence there is a
significant reduction in radial and axial velocities asM
increases (Figs. 2 and 4). The magnetic fieldB also gives
rise to the magnetic force in the tangential direction which

Fig. 7. Velocity profiles in the tangential direction,g(η), for M = 1,
0.1�A� 2.

Fig. 8. Velocity profiles in the axial direction,−h(η), for M = 1,
0.1�A� 1.

opposes the tangential flow velocityg(η). Consequently, the
tangential velocity is everywhere lowered and the boundary
layer thickness is reduced which is evident from Fig. 3.

From Fig. 5, it can be seen that the temperature and
the thermal boundary layer thickness increase withM. The
reason for this trend is that the axial velocityh decreases
with increasingM. However, the effect ofM on the
temperature profilesθ(η) is not very significant, because
the magnetic parameterM does not explicitly occur in the
energy equation.

The effect of the acceleration (deceleration) parameter
A on the radial, tangential and axial velocity profiles
−h′(η), g(η), −h(η) and on the temperature profilesθ(η)
for M = 1, Pr = 0.7 is presented in Figs. 6–9. From
these figures it is evident that the radial velocity−h′(η),
and the axial velocity,−h(η), increase everywhere as
A increases, but the tangential velocity,g(η), and the
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Fig. 9. Temperature profiles,θ(η), forM = 1, Pr = 0.7, 0.1�A� 2.

Fig. 10. Temperature profiles,θ(η), forM =A= 1, 0.7 � Pr � 20.

temperature,θ(η), are reduced. The physical reason for this
behaviour is that an increase inA implies an increase in
the angular velocity which imports additional momentum
into the boundary layer. This increases the axial inflow
and the radial outflow. Consequently, both the radial and
axial velocities increase withA. Further, the tangential
velocity g(η) and the temperature (θ(η)) are reduced and
their gradients increase with increasingA.

The effect of the Prandtl numberPr on the temperature
profiles θ(η) for A = M = 1 is displayed in Fig. 10.
Since the thermal boundary layer significantly reduces with
increasingPr, there is a significant reduction in temperature
everywhere.

Fig. 11 shows the effect of the magnetic parameterM on
the dimensionless pressure profilesP(η) for A= 1. SinceP

Fig. 11. Pressure profiles,P (η), for A= 1, 0�M � 4.

Fig. 12. Pressure profiles,P (η), forM = 1, 0.1�A� 1.

depends on the radial and axial velocitiesh′(η), h(η) which
decrease with increasingM, the pressureP decreases with
increasingM.

In Fig. 12 the effect of the acceleration parameterA on
P(η) for M = 1 is presented.P(η) is found to increase
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Fig. 13. Variation of the surface shear stress in the radial direction,−h′′(0),
with the acceleration parameterA for 0�M � 4.

Fig. 14. Variation of the surface shear stress in the tangential direction,
−g′(0), with the acceleration parameterA for 0�M � 4.

Fig. 15. Variation of the surface heat transfer,−θ ′(0), with the acceleration
parameterA for 0�M � 4, Pr = 0.7.

with A, since the axial and radial velocities(h,h′) increase
with A.

The variation of the surface shear stresses on the radial
and tangential directions−h′(0), −g(0) and the surface heat
transfer−θ ′(0) with A for 1 �M � 4, Pr = 0.7 is, shown
in Figs. 13–15, respectively. For a fixedM, they all increase
with A, since an increase inA enhances the angular velocity
of the disk which accelerates the fluid near the surface. Also
for a fixedA, the shear stress in the radial direction−h′′(0)
and the heat transfer−θ ′(0) decrease with increasingM, but
the surface shear stress in the tangential direction increases.
The reason for this trend has been explained earlier.

6. Conclusions

A new self-similar solution of the Navier–Stokes equa-
tions along with the energy equation governing the unsteady
viscous MHD flow over an infinite disk rotating in an am-
bient fluid has been obtained. By a simple scaling, it also
represents the solution over a rotating sphere at the forward
stagnation point (or over a rotating cone). There is a signif-
icant reduction in the radial and axial velocity components
due to an increase in the magnetic field, but the tangential
velocity increases. Also the surface shear stress in the radial
direction and the heat transfer decrease with an increasing
magnetic field, but the surface shear stress in the tangential
direction increases. However, they all increase with the in-
creasing acceleration parameter.
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